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We consider a class of sum of squares operators on a torus and we prove that
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ity.0. INTRODUCTION
It is well known that the theory for the problem of global solvability of
PDE is not well developed, in comparison with the local solvability case.
One of the main obstacles is the appearance of diophantine phenomena. We
hope that our result will provide some insight into this problem. In this
paper, we prove global solvability on a torus for a class of operators in the
form of a sum of squares of real vector ﬁelds. More precisely, we present a
necessary and sufﬁcient condition for global solvability on torus for the
following class of operators:
P ¼ Dt 
Xn
j¼1
ajðtÞ@xj
 !2
;
where ðt1; . . . ; tm; x1; . . . ; xnÞ ¼ ðt; xÞ 2 T
mþn and aj; j ¼ 1; . . . ; n; are real-
valued functions in C1ðTmÞ:
Since there is an intimate connection between the global solvability of P
and the global hypoellipticity of tP (a standard functional analysis argument
applies: the global hypoellipticity of tP implies the global solvability of P ),
this work can be regarded as a natural continuation of Himonas and
Petronilho [10] where a study of the global hypoellipticity for this operator
was presented. Since the class of operators that we are studying has the1Partially supported by CNPq.
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GLOBAL SOLVABILITY 49property: tP ¼ P ; we are concerned with what happens when P is not
globally hypoelliptic. For example, if we consider the operator
P ¼ @2t  ð@x1 þ a@x2 þ a@x3Þ
2;
where t 2 T; ðx1; x2; x3Þ 2 T
3 and a is a non-Liouville number then P is not
globally hypoelliptic since the vector v ¼ ða; aÞ is a Liouville vector (see [9]).
However, this vector v is a non-Liouville vector with respect to the set
A ¼ fðZ; x1; x2Þ : Zþ aðx1 þ x2Þ=0g (see Deﬁnition 1.2) and it implies that P
is globally solvable (see more details in Section 1). This example shows that
the setA; for our class of operators, plays a fundamental role in our study.
As one would expect in this situation the presence of real coefﬁcients
brings into the picture the diophantine approximation aspects of the
problem.
There are two cases for which part of Theorem 1.1 is a consequence of
results obtained previously: when n ¼ 2 and a1ðtÞ 
 1 it follows from results
in [13] and when n ¼ 3 and a1ðtÞ 
 1 it is contained in [14].
For a partial list of results on global solvability we refer the reader to
[1–5, 8, 11, 13, 14].
1. PRELIMINARIES AND STATEMENT OF THE MAIN RESULT
Let P be given by
P ¼ Dt 
Xn
j¼1
ajðtÞ@xj
 !2
; ð1:1Þ
where ðt; xÞ 2 Tmþn and aj; j ¼ 1; . . . ; n; are real-valued functions in C1ðT
mÞ:
Our goal is to ﬁnd a necessary and sufﬁcient condition for P to be globally
solvable in Tmþn; i.e. given f 2 C1ðTmþnÞ we want to ﬁnd u 2 D0ðTmþnÞ such
that Pu ¼ f :
It is easy to see that there exist natural compatibility conditions on f for
the solution u to exist, namely
Lemma 1.1. Let f 2 C1ðTmþnÞ: If there exists u 2 D0ðTmþnÞ such that
Pu ¼ f then
hv; fi ¼
Z
Tmþn
vf ¼ 0
for every v 2 C1ðTmþnÞ satisfying tPv ¼ 0; where tP : C1ðTmþnÞ ! C1ðTmþnÞ:
GERSON PETRONILHO50In view of this lemma we use the following:
Definition 1.1 (see Bergamasco et al. [1]). Let E be the set
E ¼ f 2 C1ðTmþnÞ :
Z
Tmþn
vf ¼ 0 for all v 2 C1ðTmþnÞ such that tPv ¼ 0
 
:
We say that P is globally solvable in D0 ðTmþnÞ; or in C1 ðTmþnÞ; if for
every f 2 E there exists u 2 D0ðTmþnÞ; or respectively u 2 C1ðTmþnÞ; such that
Pu ¼ f :
In order to state our result, we shall need the following deﬁnitions.
Definition 1.2. A collection of vectors v1; . . . ; v‘ in Rd is said to be not
simultaneously approximable with respect to A Z‘þd if there exist C > 0
and K > 0 such that for any Z ¼ ðZ1; . . . ; Z‘Þ 2 Z
‘ and x 2 Zd  f0g with
ðZ; xÞ 2A we have
jZj þ vj  xj5
C
jxjK
for some j ¼ 1; . . . ; ‘: ð1:2Þ
Remark 1.1. When A ¼ Z‘þd this is Deﬁnition 1.1 of Himonas and
Petronilho [10] and the vectors v1; . . . ; v‘ are said to be not simultaneously
approximable. When ‘ ¼ 1 and A ¼ Z1þd this is the deﬁnition of a non-
Liouville vector, v1; cf. [9] or equivalently, v1 satisﬁes the diophantine
condition, used in the KAM (Kolmogorov–Arnold–Moser) theory, e.g. see
[15]. When d ¼ 1 and A ¼ Z‘þ1 this is the deﬁnition of a collection of real
numbers v1;    ; v‘ which are not simultaneously approximable, cf. [9]. In
fact, in this case, condition (1.2) is equivalent to the simultaneous
diophantine condition introduced by Moser [12].
Consequence 1.1. It follows from this deﬁnition that a collection of
vectors v1; . . . ; v‘ in R
d is simultaneously approximable with respect toA
Z‘þd if and only if for any C > 0 and K > 0 there exist Z ¼ ðZ1; . . . ; Z‘Þ 2 Z
‘
and x 2 Zd  f0g with ðZ; xÞ 2A such that
jZj þ vj  xj5
C
jxjK
for all j ¼ 1;    ; ‘: ð1:3Þ
When A ¼ Z‘þd this is the deﬁnition given in [10, Remark 1.1] and the
vectors v1; . . . ; v‘ are said to be simultaneously approximable.
Definition 1.3. Let ðb1ðtÞ; . . . ; b‘ðtÞÞ be a vector of real-valued functions
which are linearly independent over R and letA Z‘þd be given. A vector
GLOBAL SOLVABILITY 51of functions ðf1ðtÞ; . . . ; fd ðtÞÞ is said to belong to ðSAÞ
c
A ðb1; . . . ; b‘Þ (or
ðSAÞA ðb1; . . . ; b‘ÞÞ if the following conditions hold:
(1) ff1; . . . ; fdg is contained in the linear span of fb1; . . . ; b‘g:
(2) The ‘ column vectors, in Rd ; of the matrix ðljkÞ in the expression
ðf1; . . . ; fd Þ
t ¼ ðljkÞðb1; . . . ; b‘Þ
t
are not simultaneously approximable with respect to A (or are simulta-
neously approximable with respect to A).
When A ¼ Z‘þd this is Deﬁnition 1.2 of Himonas and Petronilho [10] and
the vector of functions ðf1ðtÞ; . . . ; fd ðtÞÞ is said to belong to ðSAÞ
cðb1; . . . ; b‘Þ
(or SAðb1; . . . ; b‘ÞÞ:
In order to state the next result we need the following deﬁnition:
Definition 1.4. We say that P is globally hypoelliptic in Tmþn if the
conditions u 2 D0ðTmþnÞ and Pu 2 C1ðTmþnÞ imply u 2 C1ðTmþnÞ:
Proposition 1.1 (see Himonas and Petronilho [10, Theorem 1.1]). Let P
be the operator defined by
P ¼ Dt 
Xn
j¼1
ajðtÞ@xj
 !2
;
where ðt1; . . . ; tm; x1; . . . ; xnÞ ¼ ðt; xÞ 2 T
mþn and aj; j ¼ 1; . . . ; n; are real-
valued functions in C1ðTmÞ: Then P is globally hypoelliptic in Tmþn if and
only if, after a possible renaming of the variables x1; . . . ; xn and the
corresponding coefficients a1; . . . ; an; the following condition Cj is satisfied
for some j 2 f0; 1; . . . ; n 1g:
Cj : a1; . . . ; anj are independent and ðanjþ1; . . . ; anÞ 2 ðSAÞ
cða1; . . . ; anjÞ:
From now on we will use the following subset A Zn: Let P be as in
(1.1). If there exists j 2 f1; . . . ; n 1g such that the functions a1; . . . ; anj are
linearly independent over R and fanjþ1; . . . ; ang is contained in the linear
span of fa1; . . . ; anjg then we write
amðtÞ ¼
Xnj
k¼1
lmk akðtÞ; m ¼ n jþ 1; . . . ; n
GERSON PETRONILHO52and we deﬁne the set A Zn as
A ¼fðZ1; . . . ; Znj; xnjþ1; . . . ; xnÞ 2 Z
n : Zk þ
Xn
m¼njþ1
lmk xm=0
for some k ¼ 1; . . . ; n jg:
In this paper we prove the following theorem, which extends to any
dimension results in [13, 14].
Theorem 1.1. Let P be the differential operator defined by
P ¼ Dt 
Xn
j¼1
ajðtÞ@xj
 !2
; ð1:4Þ
where ðt1; . . . ; tm; x1; . . . ; xnÞ ¼ ðt; xÞ 2 T
mþn and aj; j ¼ 1; . . . ; n; are real-
valued functions in C1ðTmÞ: Then, after a possible renaming of the variables
x1; . . . ; xn and the corresponding coefficients a1; . . . ; an; the following conditions
are equivalent:
(I) P is globally solvable in C1ðTmþnÞ:
(II) P is globally solvable in D0ðTmþnÞ:
(III) one of the following conditions is satisfied:
ðIIIÞ1 P is globally hypoelliptic in T
mþn;
ðIIIÞ2 the following condition Gj is satisfied for some j 2 f1; . . . ; ng:
Gj : a1; . . . ; anj are independent over R; ðanjþ1; . . . ; anÞ 2 ðSAÞ
ða1; . . . ; anjÞ but ðanjþ1; . . . ; anÞ 2 ðSAÞ
c
A ða1; . . . ; anjÞ; if j 2 f1; . . . ; n 1g
and Gn : a1ðtÞ 
    
 anðtÞ 
 0:
Example: We present an example in order to clarify Condition (III)
above. Let P be given by
P ¼ @2t  ð@x1 þ a@x2 þ a@x3Þ
2;
where t 2 T; ðx1; x2; x3Þ 2 T
3; a is a non-Liouville number.
We note that j0 ‘aþ ‘aj ¼ 0; for all ‘ ¼ 1; 2; . . . : Therefore, the vector
ða; aÞ is simultaneously approximable, i.e., ða; aÞ is a Liouville vector. Thus,
P is not globally hypoelliptic in T4 (see [9, 10]). For this example, we have
A ¼fðZ; x1; x2Þ 2 Z
3 : Zþ aðx1 þ x2Þ=0g
¼ fðZ; x1; x2Þ 2 Z
3 : either Z=0 or x1 þ x2=0g:
We also note that if Z=0 and x1 þ x2 ¼ 0; then we have jZþ aðx1 þ x2Þj ¼
jZj51: Now if Z 2 Z and x1 þ x2=0; then there exist C > 0; K > 0 such that
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Z
x1þx2
þ aj5 C
jx1þx2 j
K since a is a non-Liouville
number.
Thus, we conclude that ða; aÞ is not simultaneously approximable with
respect to A:
Before we start the proof of Theorem 1.1 we will study the kernel of tP
which will be useful in proving that the condition in Theorem 1.1 is
necessary.
2. STUDY OF THE KER tP
Lemma 2.1. Let P be given as in Theorem 1.1. Suppose that there exists
j 2 f1; . . . ; n 1g such that the functions a1; . . . ; anj are linearly independent
over R and fanjþ1; . . . ; ang is contained in the linear span of fa1; . . . ; anjg:
Then w 2 Ker tP if and only if wðt; xÞ ¼
P
x2Ac #wðxÞe
ixx:
Proof. Let w 2 Ker tP  C1ðTmþnÞ: Since tP ¼ P we have tPw ¼ 0 if and
only if Pw ¼ 0: By using x-Fourier series we have Pw ¼ 0 if and only if
Dt þ
Xn
j¼1
ajðtÞxj
 !224
3
5 #wðt; xÞ ¼ 0 ð2:1Þ
for all t 2 Tm and x 2 Zn:
If we multiply (2.1) by %#w and integrate by parts with respect to t 2 Tm;
then we obtain
Xm
k¼1
jj #wtk ð; xÞjj
2
L2ðTmÞ þ
Z
Tm
Xn
j¼1
ajðtÞxj
 !2
j #wðt; xÞj2 dt ¼ 0 ð2:2Þ
for all x 2 Zn:
It follows from (2.2) that #wðt; xÞ ¼ #wðxÞ; i.e., #w is independent of t and
j #wðxÞj2
Z
Tm
Xn
j¼1
ajðtÞxj
 !2
dt ¼ 0: ð2:3Þ
Since
amðtÞ ¼
Xnj
k¼1
lmk akðtÞ; m ¼ n jþ 1; . . . ; n;
we may write (2.3) as
j #wðxÞj2
Z
Tm
Xnj
k¼1
akðtÞ xk þ
Xn
m¼njþ1
lmk xm
 !" #2
dt ¼ 0: ð2:4Þ
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m¼njþ1 l
m
k0xm=0: Thus (2.4) implies that #wðxÞ ¼ 0 since a1ðtÞ; . . . ; akðtÞ
are linearly independent over R:
Thus if w 2 Ker tP then we obtain wðt; xÞ ¼
P
x2Ac #wðxÞe
ixx:
On the other hand, if wðt; xÞ ¼
P
x2Ac #wðxÞe
ixx then it is easy to check that
w 2 Ker tP : The proof of Lemma 2.1 is complete. ]
3. PROOF OF THEOREM 1.1
It is obvious that (I) ) (II).
(II) ) (III): We suppose that neither ðIIIÞ1 nor ðIIIÞ2 holds. Then, after a
possible renaming of the variables x1; . . . ; xn and the corresponding
coefﬁcients a1; . . . ; an; the following condition *Gj is satisﬁed for some
j 2 f1; . . . ; n 1g:
*Gj:a1; . . . ; anj are independent over R and ðanjþ1; . . . ; anÞ 2 ðSAÞAða1; . . . ; anjÞ:
We will show that this condition implies that P is not globally solvable in
D0ðTmþnÞ by violating the inequality appearing in the next lemma. The latter
is a variation of [6, Lemma 6.1.2] and its proof will be omitted.
Lemma 3.1 If P is globally solvable in D0ðTmþnÞ then there exist C > 0 and
m 2 Zþ such that Z
Tmþn
gðt; xÞf ðt; xÞ dx dt

4Cjjf jjmjjtPgjjm
for all g 2 C1ðTmþnÞ and all f 2 E (here jj  jjm denotes some norm which
defines the Cm topology).
Assume that condition *Gj holds for some j 2 f1; . . . ; n 1g: Then we may
write
amðtÞ ¼
Xnj
k¼1
lmk akðtÞ; m ¼ n jþ 1; . . . ; n;
where the vectors ðlnjþ1k ; . . . ; l
n
kÞ; k ¼ 1; . . . ; n j; are simultaneously
approximable with respect to A: Thus there exist sequences fx‘g ¼
fðxnjþ1;‘; . . . ; xn;‘Þg; x‘ 2 Z
j  f0g and fZ‘g ¼ fðZ1;‘; . . . ; Znj;‘Þg; Z‘ 2 Z
nj;
with ðZ‘; x‘Þ 2A such that
Zk;‘ þ
Xn
m¼njþ1
lmk xm;‘

5jx‘j‘; ‘ ¼ 1; 2; . . . ð3:1Þ
for any k ¼ 1; . . . ; n j and jx‘j ! þ1 as ‘ ! þ1:
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f‘ðt; xÞ ¼ eiðx
0 Z‘þx
00 x‘Þ; g‘ðt; xÞ ¼ eiðx
0 Z‘þx
00 x‘Þ;
where x0 ¼ ðx1; . . . ; xnjÞ; x00 ¼ ðxnjþ1; . . . ; xnÞ and x ¼ ðx0; x00Þ:
Now we will show that f‘ 2 E for ‘ ¼ 1; 2; . . . : Let w 2 Ker tP : It follows
from Lemma 2.1 that w ¼
P
x2Ac #wðxÞe
ixx: Thus, by using the notation x0 ¼
ðx1; . . . ; xnjÞ; x
00 ¼ ðxnjþ1; . . . ; xnÞ and x ¼ ðx
0; x00Þ; we have
Z
Tmþn
f‘w dx dt ¼
Z
Tmþn
f‘
X
x2Ac
#wðxÞeixx
 !
dx dt
¼
Z
Tmþn
X
x2Ac
#wðxÞeiðx
0 x0þx00 x00Þeiðx
0 Z‘þx
00 x‘Þ dx dt
¼
X
x2Ac
#wðxÞ
Z
Tm
Z
Tn
ei½x
0 ðx0Z‘Þþx
00 ðx00x‘Þ dx
 
dt ¼ 0;
since x ¼ ðx0; x00Þ 2Ac and ðZ‘; x‘Þ 2A and A\A
c ¼ |: Therefore, f‘ 2
E; ‘ ¼ 1; 2; . . . :
We also have Z
Tmþn
f‘g‘ dx dt ¼
Z
Tmþn
dx dt=0: ð3:2Þ
A simple computation shows that
tPg‘ ¼
Xnj
k¼1
akðtÞ Zk;‘ þ
Xn
m¼njþ1
lmk xm;‘
 !" #2
g‘
and for each m 2 Zþ there exists Cm > 0 such that for all ‘ 2 Zþ holds
jjf‘jjm4Cmjx‘ j
m
and
jjtPg‘ jjm4Cmjx‘ j
m2‘:
Thus,
jjf‘jjmjj
tPg‘jjm4Cmjx‘ j
2ðm‘Þ ! 0 as ‘ !1: ð3:3Þ
It follows from (3.2) and (3.3) that the inequality in Lemma 3.1 is violated.
Therefore, P is not globally solvable in D0ðTmþnÞ: ]
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action of operator P into certain subspaces, as follows. Let ðt; xÞ 2 Tmþn and
F Zn: Deﬁne
D0FðT
mþnÞ ¼ u 2 D0ðTmþnÞ : u ¼
X
x2F
#uðt; xÞeixx
( )
;
where #uðt; xÞ is the x-partial Fourier coefﬁcient of u: The space C1FðT
mþnÞ is
deﬁned in an analogous fashion. More generally, if G D0ðTmþnÞ then we
set GF ¼ G\ D0FðT
mþnÞ: We use the notation PF for the operator P acting
from D0FðT
mþnÞ into D0FðT
mþnÞ: Also, any decomposition Zn ¼ B[ C with
B\ C ¼ | induces direct sum decompositions G ¼ GB GC and PG ¼
PBGB PCGC:
We may talk about global solvability and global hypoellipticity of P
relative to the subspaces GF; more precisely,
Definition 3.1 (see Bergamasco et al. [1]). LetF Zn: We say that PF
is globally solvable in D0FðT
mþnÞ; or in C1FðT
mþnÞ; if for every f 2 EF; there
exists u 2 D0FðT
mþnÞ; or respectively u 2 C1FðT
mþnÞ such that PFu ¼ f : We
say that PF is globally hypoelliptic in T
mþn if the conditions u 2 D0FðT
mþnÞ
and PFu 2 C1FðT
mþnÞ imply u 2 C1FðT
mþnÞ:
Remark 3.1. When F ¼ Zn we of course recover the previous notions
of global solvability and global hypoellipticity; it is also clear that P
is globally solvable in C1ðTmþnÞ if and only if PB is globally solvable in
C1B ðT
mþnÞ and PC is globally solvable in C1C ðT
mþnÞ:
The next result is a variation of H .ormander [7, Theorem 26.1.7]; its proof
will be omitted.
Proposition 3.1. Let F Zn and suppose that tðPFÞ is globally
hypoelliptic in Tmþn: Then PF is globally solvable in C1FðT
mþnÞ:
We now start the proof of (III) ) (I).
It follows from Proposition 3.1 with F ¼ Zn that condition ðIIIÞ1 in
Theorem 1.1 implies that P is globally solvable in C1ðTmþnÞ:
Suppose now that condition ðIIIÞ2 holds. Since the case a1ðtÞ 
    

anðtÞ 
 0 is standard, we can suppose that for some j 2 f1; . . . ; n 1g the
functions a1; . . . ; anj are linearly independent over R and
amðtÞ ¼
Xnj
k¼1
lmk akðtÞ; m ¼ n jþ 1; . . . ; n;
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n
kÞ; k ¼ 1; . . . ; n j are simultaneously
approximable but they are not simultaneously approximable with respect
toA: In order to prove that P is globally solvable in C1ðTmþnÞ we will prove
that PAc is globally solvable in C
1
AðT
mþnÞ and PcA is globally solvable in
C1Ac ðT
mþnÞ:
We are going to start proving that PAc is globally solvable in C1Ac ðT
mþnÞ:
Let g 2 EAc be given. In order to solve the equation PAcw ¼ g; by using
Fourier series, we must solve
jtj2 #wðt; xÞ ¼ #gðt; xÞ; ðt; xÞ 2 Zmþn; x 2Ac; ð3:4Þ
since PAc ¼ Dt:
First of all we note that when t ¼ 0 we have #gð0; xÞ ¼ 0 for all x 2Ac
since g 2 EAc and eixx 2 Ker tP for all x 2Ac: Hence, we may choose
#wð0; xÞ ¼ 0 for all x 2Ac: ð3:5Þ
If t=0 and x 2Ac it follows from (3.4) that
#wðt; xÞ ¼
#gðt; xÞ
jtj2
: ð3:6Þ
Since g 2 C1Ac ðT
mþnÞ it follows from (3.5) and (3.6) that given N 2 N there
exists C > 0 such that
j #wðt; xÞj4j #g ðt; xÞj4Cðjtj þ jxjÞN ; ðt; xÞ 2 Zmþn  f0g; x 2Ac: ð3:7Þ
By using (3.5)–(3.7) we can show that
wðt; xÞ8
X
ðt;xÞ2ZmAc
#wðt; xÞeiðttþxxÞ ¼
X
x2Ac
X
t2Zm
#wðt; xÞeitt
" #
eixx
¼
X
x2Ac
#wðt; xÞeixx 2 C1Ac ðT
mþnÞ
and PAcw ¼ g: Therefore PAc is globally solvable in C1Ac ðT
mþnÞ:
Now we are going to prove that PA is globally solvable in C1AðT
mþnÞ: For
this, by using Proposition 3.1, it is sufﬁces to show that PA is globally
hypoelliptic in Tmþn:
The proof of the next result is slightly different from the one in [10,
Lemma 2.1]. However for the sake of completeness we will include the
proof.
Lemma 3.2. If condition Gj holds for some j 2 f1; . . . ; n 1g then there
exist constants a > 0; K50; and d > 0; depending on the coefficients a‘; such
GERSON PETRONILHO58that for each x 2A we can find an open interval Ix such that
b2ðt; xÞ8
Xnj
k¼1
akðtÞ xk þ
Xn
m¼njþ1
lmk xm
 !" #2
5
a
jxjK
8t 2 Ix; volðIxÞ > d:
ð3:8Þ
To prove Lemma 3.2 we shall need the following lemma.
Lemma 3.3 (see Himonas and Petronilho [10]). For each j 2 f0; 1; . . . ;
n 1g let Bj be the function given by
Bjðt; gÞ ¼
Xnj
k¼1
gkakðtÞ; t 2 T
m; g 2 Rnj  f0g:
Then there exist Cj > 0 and dj > 0 such that for each g 2 R
nj; jgj ¼ 1; there
exists an open interval Ij ¼ IjðgÞ  T
m with
jBjðt; gÞj5Cj; t 2 Ij; VolðIjÞ5dj:
Now we are ready to prove Lemma 3.2.
Proof of Lemma 3.2. We set x0 ¼ ðx1; . . . ; xnjÞ and x
00 ¼ ðxnjþ1; . . . ; xnÞ:
Suppose that x ¼ ðx0; x00Þ 2A and x00 ¼ 0: Thus x0=0 since x 2A implies
x=0: Then it follows from Lemma 3.3 that there exist Cj > 0; dj > 0
independent of x and an open interval Ij ¼ IjðxÞ  T
m such that
b2ðt; x0; 0Þ ¼
Xnj
k¼1
xkakðtÞ
 !2
¼ B2j ðt; x
0Þ ¼ jx0j2B2j t;
x0
jx0j
 
5C2j 8t 2 Ij; volðIjÞ5dj: ð3:9Þ
Next we assume that x 2A and x00=0: Since the vectors ðlnjþ1k ; . . . ; l
n
kÞ;
k ¼ 1; . . . ; n j; are not simultaneously approximable with respect to A
there exist C > 0; K > 0; independent of x; and k0; 14k04n j; such that
xk0 þ
Xn
m¼njþ1
lmk0xm

5 Cjx00jK : ð3:10Þ
If we set gk ¼ xk þ
Pn
m¼njþ1 l
m
k xm; k ¼ 1; . . . ; n j; and g ¼ ðg1; . . . ; gnjÞ;
then it follows from (3.10) and Lemma 3.3 that there exist C > 0;
K > 0; Cj > 0; dj > 0 independent of x and an open interval Ij ¼ IjðxÞ  T
m
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b2ðt; xÞ ¼
Xnj
k¼1
ak xk þ
Xn
m¼njþ1
lmk xm
 !" #2
¼ B2j ðt; gÞ
¼ jgj2B2j t;
g
jgj
 
5C2j jgj
25C2j jgk0 j
25
C2j C
2
jx00j2K
5
C2j C
2
jxj2K
8t 2 Ij; vol ðIjÞ5dj: ð3:11Þ
Using (3.9) and (3.11) we obtain the desired inequality (3.8). This completes
the proof of Lemma 3.2. ]
Now we are moving to prove that PA is globally hypoelliptic in T
mþn:
Let u 2 D0AðT
mþnÞ such that
PAu ¼ h; h 2 C1AðT
mþnÞ: ð3:12Þ
If in (3.12) we take partial Fourier series with respect to x 2 Tn then we
obtain
½Dt þ b2ðt; xÞ #uðt; xÞ ¼ #hðt; xÞ for all x 2A: ð3:13Þ
For any x ﬁxed #uðt; xÞ is in C1ðTmÞ since (3.13) is elliptic in t: Thus, if we
multiply (3.13) with %#u and integrate by parts with respect to t 2 Tm; then we
obtain
Xm
k¼1
jj #utk ð; xÞjj
2
L2ðTmÞ þ
Z
Tm
b2ðt; xÞj #uðt; xÞj2 dt ¼
Z
Tm
#hðt; xÞ%#uðt; xÞ dt; ð3:14Þ
for all x 2A:
By using the fundamental theorem of calculus and Lemma 3.2 (for more
details see [10]) there exist C > 0; K > 0 such that
jj #uð; xÞjj2L2ðTmÞ4Cjxj
K
Xm
k¼1
jj #utk ð; xÞjj
2
L2ðTmÞ þ
Z
Tm
b2ðt; xÞj #uðt; xÞj2 dt
" #
¼CjxjK
Z
Tm
#hðt; xÞ%#uðt; xÞ dt; x 2A:
This and the Cauchy–Schwarz inequality imply that
jj #uð; xÞjjL2ðTmÞ4Cjxj
K jj #hð; xÞjjL2ðTmÞ; x 2A: ð3:15Þ
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mþnÞ it follows from (3.15) that for any positive integer N
there exists CN > 0 such that
jj #uð; xÞjjL2ðTmÞ4CN jxj
N ; x 2A: ð3:16Þ
Since
#uðt; xÞ ¼
1
ð2pÞm
Z
Tm
eitt #uðt; xÞ dt
and #uðt; xÞ ¼ 0 when x 2Ac; by using (3.16) we obtain
j #uðt; xÞj4CN jxjN ; ðt; xÞ 2 Z
mþn; x=0: ð3:17Þ
Since the operator P in (1.4) is elliptic at ðt; x; t0; 0Þ for all ðt; xÞ 2 T
mþn and
t0 2 Z
m  f0g; by using the microlocal elliptic theory we obtain that there
exists a cone Ge ¼ fðt; xÞ 2 Z
mþn:jxj5ejtjg containing ðt0; 0Þ such that
j #uðt; xÞj4CGN
1
ðjtj þ jxjÞN
; ðt; xÞ 2 Ge:
Now let G ¼ fðt; xÞ 2 Zmþn:jxj > e
2
jtjg: We note that if ðt; xÞ 2 G then x=0:
Therefore, if ðt; xÞ 2 G then it follows from (3.17) that
j #uðt; xÞj4CN
1
ðe
4
jtj þ 1
2
jxjÞN
4CGN
1
ðjtj þ jxjÞN
:
The last two inequalities imply that for any N 2 N there exists a constant
CN > 0 such that
j #uðt; xÞj4CN ðjtj þ jxjÞ
N ; ðt; xÞ 2 Zmþn  f0g: ð3:18Þ
It follows from (3.18) that u 2 C1AðT
mþnÞ: Hence, PA is globally hypoelliptic
in Tmþn: ]
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